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1. INTRODUCTION 
Local equicontinuity of the generalized spectra of certain topological 
algebras implies that the spectra in question coincide as topological spaces 
with the generalized spectra of the respective completed topological algebras 
[7]. On the other hand, for a fairly large class of topological algebras (i.e., 
m-barreled locally convex algebras), local equicontinuity of the (usual) 
spectrum is equivalent to its local compactness [6]. 
In this paper we are concerned with generalized spectra of (nonnecessarily 
commutative [II]) topological algebras. The results obtained have a special 
bearing, for the case under consideration, on the corresponding results 
contained in [6, 7, 1 I], which were also the motivation to the present setting. 
Thus, let E and F be topological algebras and let A(E, F) be the generalized 
spectrum of E (for F given) (i.e., the set of nonsero continuous algebra 
homomorphisms of E into F topologized as a subset of P8(E, F); cf. Section 3 
below). It is shown that if E is an m-barreled locally convex algebra and F 
a locally m-convex semiMonte1 one, local equicontinuity of d(E, F) is 
equivalent to its local compactness (cf., Theorem 3.2). Furthermore, we are 
dealing with representations of the generalized spectra of topological tensor 
product algebras. In this respect, it is proved that there exists a bicontinuous 
injection of the generalized spectrum of a locally convex infinite tensor 
product algebra into the Cartesian product space of the spectra of the factor 
algebras (cf., Theorem 5.2). Moreover, by considering completed topological 
algebras, we still assume local equicontinuity for the generalized spectra. 
This assumption yields analogous representations of the generalized spectra 
of certain completed locally convex infinite tensor product algebras (with 
continuous multiplication) (Theorem 5.3). 
On the other hand, with the class of m-barreled locally convex algebras 
several aspects concerning the continuity of the Gel’fand map are closely 
related [6]. Thus, we are also interested therein in the continuity of the 
generalized Gel’fand map (cf. Section 4). The results obtained constitute 
extended forms of those of [6; Section 31. 
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2. PRELIMINARIES ON TOPOLOGICAL ALGEBRAS 
All vector spaces and (associative linear) algebras considered in the follow- 
ing are over the field of complex numbers. The topological spaces involved 
are assumed to be Hausdorff unless otherwise indicated. 
By a topological (resp. locally convex) algebra we mean an algebra E, 
equipped with a (Hausdorff) topology such that the (underlying) vector 
space E is a topological (resp. locally convex) vector space and the multiplica- 
tion in E is separately continuous (considered as a bilinear map of E x E 
into E). A particular case of locally convex algebras, used in the following, 
are the locally m-convex ones [8]. Such an algebra has a (jointly) continuous 
mutliplication [8]. Now, by an m-barreled algebra we mean a (locally convex) 
algebra E such that every m-barrel (i.e., absorbing, balanced, convex, idem- 
potent and closed subset of E) is a neighborhood of 0 in E [6]. For a detailed 
discussion concerning m-barreled algebras we also refer to [6]. 
A subset B of a locally convex algebra E is called m-bornivorous if it is 
idempotent and absorbs every bounded subset of E. Now, E is said to be 
m-infrabarreled if every m-bornivorous m-barrel of it is a neighborhood of 0 
in E [6]. 
Finally, by a semiMonte1 algebra we mean a (locally convex) algebra E such 
that the locally convex space E is a semiMonte1 space [4]. 
3. THE GENERALIZED SPECTRUM OF A TOPOLOGICAL ALGEBRA 
Let E and F be topological algebras and let diP,(E, F) be the space of con- 
tinuous linear maps between the topological vector spaces E and F, equipped 
with the topology of simple convergence in E. By the generalized spectrum 
of E (for F given) we mean the set A(E, F) o nonzero continuous (algebra) f 
homomorphisms of E into F, equipped with the topology induced on it 
by pS(E, F) [7]. If E and F have identity elements, then the elements of 
A(E, F) are assumed to be identity preserving. 
We now prove the following. 
THEOREM 3.1 (Alaoglu-Bourbaki). Let E, F be locally convex spaces uch 
that F be a semiMonte1 space [4]. Then, every equicontinuous ubset H of 
9*(E, F) is relatively compact. 
Proof. First, H is (simply) bounded [9; p. 83, Corollary 4.11. Thus, for 
each x E E, H(x) = UuaH u(x) is, by hypothesis for F, relatively compact in F, 
so that the assertion is now obtained by [l ; p. 23, Corollary of Proposition 41. 
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PROPOSITION 3.1. Let E be an m-barreled algebra and let F be a locally 
m-convex algebra. Then, every (simply) bounded subset B of the corresponding 
generalized spectrum A’(E, F) is equicontinuous. 
Proof. Let TV be a balanced, convex, idempotent and closed neighborhood 
of 0 in F. Then, T = nusB u-l(W) is a barrel in E [9; p. 83, Theorem 4.31. 
On the other hand, by B g A’(E, F) and the fact that TV is idempotent, T is 
an idempotent subset of E, that is an m-barrel, which yields the assertion, by 
hypothesis for E. 
Let E and F be topological algebras and let &(E, F) be the generalized 
spectrum of E (for F given). A subset H of A(E, F) is said to be loca@ 
equicontinuous if for every element f of H there exists a neighborhood U off 
in A’(E, F) such that U is an equicontinuous subset of ,&‘(E, F) [7]. 
Now, the following theorem, which concerns the equivalence of local 
equicontinuity and local compactness of the generalized spectrum, con- 
stitutes an extended form of [6; p. 302, Theorem 2.11. Thus, we have, 
THEOREMS 3.2. Let E be an m-barreled algebra, let F be a locally m-convex 
algebra and let Ji(E, F) be the corresponding generalized spectrum of E. Con- 
sider the following statements: 
(1) A(E, F) is a locally compact (Hausdorff) space. 
(2) .M(E, F) is locally equicontinuous. 
Then, (1) implies (2). Moreover, sf the algebras E and F have identity elements 
and F is a semiMonte1 algebra (Section 2), then the converse implication is also 
true. 
Proof. The assertion is an easy consequence of Theorem 3.1 and Pro- 
position 3.1 above, by taking into account (concerning the proof of (2) 
implies (1)) the fact that A!(E, F) is (simply) closed, so that we omit the 
details (cf. also [6; p. 302, Theorem 2.11 for the arguments). 
4. CONTINUITY OF THE GENERALIZED GEL'FAND MAP 
Let E and F be locally convex algebras and let A’(E, F) be the corres- 
ponding generalized spectrum of E. The generalized Gel’fand transform of an 
element x E E is the map 4: A’(E, F) HF: h w i(h) = h(x). By the definition 
of the topology of .M(E, F), it easily follows that each 2 is continuous. On 
the other hand, we consider the algebra U[J%t(E, F), F) of continuous F-valued 
maps on A(E, F). Now, the generalized Gel’fand map is the (algebra) homo- 
morphism g, defined by the relation 
g: Et-+ V(k’(E, F), F): x w g(x) = 9. (4.1) 
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Concerning the continuity of the generalized Gel’fand map g, one has the 
following theorem, which extends it [6; p. 305, Theorem 3.11. 
THEOREM 4.1. Let E and F be locally convex algebras. Then, the corres- 
ponding generalized Gel’fand map g: E H ??&A’(E, F), F), the algebra 
%(,A’(E, F), F) being equipped with the topology of compact convergence in 
,M(E, F), is continuous if and only if every compact subset of A(E, F) is equi- 
continuous. 
Proof. The assertion is an easy consequence of [2; p. 23, Proposition 11, 
by applying the arguments given in [6; p. 306, Theorem 3.11, so that we 
omit the details. 
On the other hand, as consequences of Proposition 3.1 and Theorem 4.1 
above we now have the following results (cf. also [6; p. 306 Corollaries 3.1 
and 3.21). 
COROLLARP 4.1. Let E be an m-barreled algebra and let F be a locally 
m-convex algebra. Then, the corresponding generalized Gel’fand map g, defined 
by (4.1) above, is continuous. 
COROLLARY 4.2. Let E be a quasicomplete m-infrabarreled locally convex 
algebra (Section 2) and let F be a locally m-convex algebra. Then, the respective 
generalized Gel’fand map g is continuous. 
Proof. Let H be a compact subset of k(E, F). Then, H being (simply) 
bounded, it is, by hypothesis for E, strongly bounded [9; p. 82, Corollary 
3.41. Consider, moreover, a balanced, convex, idempotent and closed neigh- 
borhood W of 0 in F. Then, T = nucH u-l(W) is an m-barrel in E. Now, let 
B be a bounded subset of E. Then, the set V(B, IV) of u E Z(E, F) with 
u(B) G Wis a neighborhood of 0 in ?&(E, F), the space 9(E, F) being equip- 
ped with the topology of bounded convergence in E, and hence there exists 
X > 0 with HE hV(B, W), which obviously implies AB 2 T. Thus, by 
hypothesis for E, T is a neighborhood of 0 in E, hence H is equicontinuous, 
so that the assertion follows by Theorem 4.1, and the proof is finished. 
5. THE GENERALIZED SPECTRUM OF A TOPOLOGICAL 
TENSOR PRODUCT ALGEBRA 
In this section we shall use the terminology and some basic results of [5, 7, 
10, 111. Let E, F and G be topological algebras and let f E A!(,!?, G) and 
g E A’(F, G). Then, the map f x g: E x F ti G, defined by 
(x9 Y> ++ (f x g) (x3 Y) =f(x) g(y), (5.1) 
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is obviously a (separately continuous) bilinear map. Thus, there exists the 
corresponding tensor product (linear) map f @g, which is also an (algebra) 
homomorphism in case of G commutative. 
Now, let E and F be topological algebras. By a compatible topology on the 
corresponding tensor product algebra E @F we mean a (Hausdorff) topology 
T on E OF, making it a topological algebra, (notation E a7 F), such that the 
canonical bilinear map of E x F into E 0, F is separately continuous. On 
the other hand, a (compatible) topology r on E @F is called enough if the 
completion E a, F of the (underlying) topological vector space E 0, F 
is a topological algebra. This is the case, however, for (compatible) topologies 
7 such that E 0, F has continuous multiplication. 
We are interested in the sequel in compatible topologies T such that the 
following conditions are also satisfied: 
(5.a) For every locally convex algebra G and for any f EJZ(E, G) and 
gE.44 G), f@g -%(E G&F, '3 
(5.b) For every locally convex algebra G and for any equicontinuous 
subsets A E ..H(E, G) and B L &?(F, G), A @ B is an equicontinuous subset 
of 6p,(E @,F, G). (This obviously implies condition (5.a)). 
If, in particular, E and F are locally convex algebras, the projective ten- 
sorial topology rr on E @F is a compatible (enough) topology satisfying the 
conditions (5.a) and (5.b) [7, Section 2; 11, Section 31. 
Now, let E, F be topological algebras with identity elements and let h be 
an element of JZ(E @,F, G), where r is a compatible topology on E @ F 
satisfying condition (5.a) and G a topological algebra. Then, there exists an 
element (f, g)h of &(E, G) x &(F, G), defined by the relations 
f(x) = h(x @ l), x E E and g(y) = 41 OY), Y EF, (5.2) 
(with 1 standing for the identity elements of E, F respectively), so that the 
map, 
t+.M(E,G) x.H(F,G):ht+u(h)=(f,g),, (5.3) 
may be defined. 
Now, the following theorem is fundamental for the sequel (cf. [7, Theorems 
2.1 and 3.1; 11, Theorems 3.1 and 3.31 for the arguments). 
THEOREM 5.1 (A. Mallios [7]). Let E, F and G be locally convex algebra-s 
all having identity elements and let G be with (jointZy) continuous multiplication. 
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Furthermore, let 7 be a compatible topology on E @F satisfying condition (5.a). 
Then, there exists a bicontinuous injection 
u:A+~F,G)trA(E,G) x &(F,G), 
defined by (5.3), h w ose range space is the subset Q of .H(E, G) x A(F, G) 
consisting of all (f, g) such that f(x)g(y) = g(y)f(x) in G for each 
(x, y) E E x F. Moreover, if E and F have continuous multiplication, T is a 
(compatible) enough topology satisfying condition (5.b) and G is complete, then 
there exists a bicontinuous injection 
zU(E?F,G)~JZ(E,G) x A(F,G), 
whose range is the set Q already defined. In particular, u (resp. 4) is onto (homeo- 
morphism) for G commutative. 
Furthermore, let (Em ,fea) be an inductive system (with respect to 1) of 
locally convex algebras [5] and let E = lix$E~ , fB,J (or briefly E = 1% E,) 
be the corresponding inductive limit locally convex algebra [5]. If G is a 
topological algebra, then by standard arguments given, for example, in 
[lo; p. 16, Proposition 4.11, one has 
g(E, G) = I&n ,Ep,(E, G) (5.4) 
within a topological isomorphism of the topological spaces involved. 
In particular, consider the generalized spectra JE, G) and A(E, , G), 
(Y E I, and suppose that the following conditions are satisfied: 
For every CX, p E I with c1 < /I and h E A(E, , G), (5.5) 
Im(fs,> n C Ker(h) # D. 
For every CL E I and h E A(E, G), (5.6) 
Im(fJ f) C Ker(h) # o. 
Then, by (5.4), one obtains 
A(E, G) = I$ A(Ea , G) (5.7) 
within a homeomorphism (cf., also [II, (4.3)]). 
We remark that the preceding conditions (5.5) and (5.6) are also necessary 
for (5.7) to hold. These conditions are fulfilled if the algebras considered 
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have identity elements and the (algebra) homomorphisms are identity pre- 
serving. In particular, this meets the situation one has in the case of an infinite 
tensor product algebra [5]. 
Now, the next proposition is needed for what follows. 
hOPOSITION 5.1. Let E be a locally convex algebra, inductive limit of 
an inductive system (EN , foe) (with respect o I) of locally convex algebras with 
continuous multiplication. Then, E has also continuous multiplication. 
Proof. If CX, /3 E I, then there exists y E I with y 2. OL, y > /3 such that 
fa x fs =f, 0 (fyu x fv6) (cf. also (5-l) b a ove so that the assertion follows 1, 
by hypothesis and [3; p. 490, Section 7.7.111. 
Now, let (E&t be a family of locally convex algebras with identity elements. 
In the sequel, we denote by J the set of finite subsets of I. Let LY E J and c be 
an element of Aut(ol). Then, for every element (fi) of niCa A?(Ei , G), where 
G is a locally convex algebra, we consider the map 
xOft: n 4 ++ G: (xi) ++ x”fd(xJ) = X hi)((xu(i))), (5.8) 
isa iou 
( Xiom denotes multiplication in G). Furthermore, we denote by Qa the subset 
of I-L JW4 , G) consisting of all elements (fJ such that the corresponding 
maps xOfi, defined by (5.8), coincide for all (T E Aut(cll). If the algebras Ei , 
i E I have continuous multiplication, then each algebra E, = giCu Ei , oi E J 
[5] has also continuous multiplication, so that the completion &, is a locally 
convex algebra. Thus, as it is easily verified, Theorem 5.1 can be extended 
to the case of algebras E, , OL E J. That is, we have 
A’(Ea , G) = Qa and -~@‘@a > G) = Qa (5.9) 
within a homeomorphism respectively. 
We are now in a position to state the main result of this section, which 
constitutes an extended form of Theorem 5.1 above to the case of topological 
infinite tensor product algebras. 
THEOREM 5.2. Let (E&, be a family of locally convex algebras with 
identity elements, let E = &t Ei be the corresponding locally convex (projective) 
infinite tensor product algebra [5] and let G be a locally convex algebra with an 




whose range is the space lirn Q. , such that u is onto (homeomorphism) for G 
commutative. 
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Proof. By the definition of E [5; p. 217, Definition 4.11, one has 
E=l$E,=le a E J. 
Hence, by (5.7) above, A(E, G) = lim A(E, , G) (within a homeomor- 
phism). On the other hand, by (5.9), z(Ea , G) = Qol (within a homeomor- 
phism), so that (cf. also [5; p. 218, footnote 11) we finally have 
=4-C G) = @IQ, & &ti(Ei, G), 
iEI 
which proves the assertion. 
By using the arguments of [ 11; Proposition 4. I] one obtains the following. 
PROPOSITION 5.2. Let (Ei)i,l be a family of locally convex algebras all 
having identity elements and let E be the corresponding locally convex (projective) 
in.nite tensor product algebra [5]. Suppose that each of the algebras Ei , i E I 
has a locally equicontinuous generalized spectrum &(Ei , G), where G is a 
locally convex algebra satisfying the conditions of Theorem 5.2 above, such that 
for all except of a finite many indices i E I, the corresponding algebras have an 
equicontinuous generalized spectrum. Then, the generalized spectrum A(E, G) 
of the algebra E is locally equicontinuous, 
On the other hand, we have. 
THEOREM 5.3. Under the assumptions of Theorem 5.2 above, suppose that 
each algebra E, , i E I has continuous multiplication and a locally equicontinuous 
generalized spectrum such that for all but jinite many i’s, the corresponding 
algebras have an equicontinuous generalized spectrum. Moreover, let G be 
complete. Then, there exists a bicontinuous injection 
ii: Al 
( 1 
B Ei , G t-+ n A’(Ei , G), 
iel id 
whose range is the space lim Q. , considered in the statements of Theorem 5.2 
above, such that Ei is onto-for G commutative. 
Proof. By Propositions 5.1 and 5.2 and Theorem 5.1, the assertion is 
easily reduced to that of Theorem 5.2, so that we omit the details. 
Finally, we obtain the following 
THEOREM 5.4. Let (E&, be a family of m-barreled algebras with identity 
elements and let E be the corresponding locally convex (projective) infinite tensor 
product algebra [5]. Furthermore, let G be a commutative locally m-convex 
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semiMonte1 algebra (Section 2) with an identity element. Then, A’(E, G) is 
locally equicontinuous if and only if all A!(Ei , G), i E I, are equicontinuous 
except of a finite many of them, which are locally equicontinuous. In particular, 
A?(E, G) is equicontinuous if and only if this is the case for each k’(Ei , G), i E I. 
Proof. Suppose that A’(E, G) is locally equicontinuous. Then, by Theo- 
rem 3.2, .A’(E, G) is locally compact, so that the assertion follows by Theo- 
rem 5.2 and Tychonov’s Theorem. On the other hand, the converse follows 
easily by Proposition 5.2. The rest part of the assertion is now obtained by 
standard arguments given in [5; p. 216, Proposition 3.21, so that we omit 
the details. 
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